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We theoretically and experimentally study a hitherto neglected effect in dynamic force spectroscopy. The
time-averaged deflection of the cantilever and the frequency shift of its second flexural mode were measured
for 11 oscillation amplitudes between 12.8 and 0.51 nm above a maximum protrusion of the atomically
resolved topography on KBr�001�. A small but measurable time-averaged deflection was observed and the
magnitude increased with decreasing amplitude. Interaction force curves essentially coincident over the whole
attractive range were obtained from the measured frequency shifts with a rms noise linearly decreasing with
amplitude. The correction of the tip-sample distance with the measured time-averaged deflection changes the
strength of the interaction force. The deflection calculated from the extracted interaction force agrees with the
direct measurement and is approximately proportional to the frequency shift except at the smallest amplitudes.
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I. INTRODUCTION

Atomic scale tip-sample interactions have been indepen-
dently investigated in different regimes by quasistatic1 and
dynamic force microscopy.2 In the quasistatic contact mode,
lateral variations in the total interaction force are directly
detected via the deflection of the cantilever times its bending
stiffness. Such measurements, however, suffer from thermal
drifts and low-frequency disturbances, including mechanical
vibrations, fluctuations of the optical detection system and of
the light source, and noise in electronic circuit elements; the
resulting sensitivity is thus low. On the other hand, after the
first atomically resolved images were obtained in 1995,3–5

dynamic force microscopy �DFM� has become a reliable
technique for detecting atomic-scale short-range
interactions.6 Using an FM demodulator, the resonance fre-
quency shift caused by interaction forces acting along the tip
trajectory can be accurately measured2 and used to control
the tip-sample closest approach distance for imaging. The
interpretation of such measurements can, however, be more
complicated than in the quasistatic case because the me-
chanical oscillation of the cantilever is affected by three in-
terrelated effects: the anharmonic distortion of the oscilla-
tion, the amplitude-dependent frequency shift, and the time-
averaged deflection of the cantilever, even if interaction-
induced dissipation is neglected.7 Nevertheless, site-
dependent atomic interaction forces have been successfully
determined from drift-free low-temperature8 and drift-
compensated room-temperature �RT� measurements9 of the
frequency vs the displacement of the cantilever or sample
holder, treating the cantilever as a weakly perturbed har-
monic oscillator.7,10 Such a treatment is justified if the inter-
action force is much smaller than the maximum cantilever
restoring force �bending stiffness times tip oscillation
amplitude�.3,10 This has led to the development of two-
dimensional and three-dimensional force mappings from fre-
quency shift vs distance measurements at different locations
of the sample, so-called dynamic force spectroscopy �DFS�,
and to its recently implementation in homebuilt and commer-
cial DFS software.11–17

So far, the influence of the time-averaged deflection in
DFM has been assumed to be negligibly small or constant.

One should keep in mind that, for a given tip-sample dis-
tance of closest approach, the magnitude of this deflection
increases with decreasing oscillation amplitude. As a conse-
quence, small amplitude DFM can, at least in principle, si-
multaneously detect the influence of interaction forces on the
time-averaged deflection and on the frequency shift �i.e., a
time averaged as well as a dynamic quantity�. Small-
amplitude DFM is anyway desirable because it allows one to
optimize the signal-to-noise ratio of frequency shift
measurements18 and stable atomically resolved images have
been presented under such conditions. They have been real-
ized by using the high stiffness k1st�1800 N /m of a tuning
fork19 or the high effective stiffness �k2nd�1500 N /m and
k3rd�10 000 N /m� of the second or third flexural reso-
nances of commercially available Si “noncontact”
cantilevers.20–22 The use of such higher resonances is well
suited for simultaneous measurements of the time-averaged
deflection and frequency shift because the static stiffness k0
of around 30 N/m can lead to a measurable time-averaged
deflection while it is still high enough to avoid the cantilever
jump-to-contact instability which typically occurs with the
much softer cantilevers used in contact mode.

In this paper, we theoretically and experimentally study
effects of the time-averaged deflection in DFS. Force spec-
troscopy performed using different amplitudes on a
KBr�001� sample reveals that this deflection affects quanti-
tative determinations of the interaction force for amplitudes
approaching the interaction range. A procedure to obtain
amplitude-independent force vs distance characteristics is
proposed and validated. It is also found that unavoidable
deformations of the tip apex and, eventually, of the sample
surface can significantly affect such characteristics at dis-
tances less than the interatomic spacing even if no detectable
instabilities occur.

II. THEORY AND SIMULATIONS

Figure 1�a� shows a schematic drawing of the cantilever
with the tip oscillating at its free end above the sample sur-
face. The nominal tip-sample distance is determined by the
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dc voltage applied to the sample Z scanner. More precisely,
the controlled variable is the vertical displacement with re-
spect to the cantilever holder or, equivalently, the equilib-
rium position Z0� of the tip far from surface. However, the
cantilever is statically bent by the time-averaged interaction
force which causes a time-averaged deflection �Z0 �negative,
i.e., toward the sample if the force is attractive�. The actual
equilibrium position is therefore Z0=Z0�+�Z0. If higher har-
monics of the oscillation are neglected, the steady-state mo-
tion of the tip apex is well described as Z�t�=Z0

+Ai cos�2�f it�, where Ai and f i are the amplitude and the
resonance frequency of the self-excited ith flexural mode.
The closest approach distance in each oscillation cycle is
Zc=Z0−Ai. The time-averaged deflection can be obtained by
Fourier transforming the equation of motion of the vibrating
cantilever and evaluating the zero-frequency term, viz.,

k0�Z0 =
1

2�
�

0

2�

F�Z�d� =
1

�
�

−1

1

F�Z0 + Aiu�
du

�1 − u2
,

�1�

where F�Z� is the conservative interaction force averaged
over forward and backward swings23 acting on the tip. A
typical DFM cantilever with a static stiffness k0 of 30 N/m
would be bent 33 pm by a static interaction force of 1 nN, a
small but detectable deflection, which is predicted by Eq. �1�
in the limit where the amplitude becomes small compared to
the interaction range � or to Zc, whichever is smaller �typi-
cally ��. On the other hand, the frequency shift can be ob-
tained from the Fourier coefficient at the resonance fre-
quency of the equivalent point-mass oscillator with the
effective spring constant of the ith mode.
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For a cantilever with a uniform cross section and force ap-
plied at its free end, the equivalent oscillator has an effective
spring constant ki�k1st�f i / f1st�2, where k1st�k0 within a few
percent.24,25 Equation �2� agrees with the expression first de-
rived by Giessibl in the case i=1.10,26 Because flexural reso-
nance frequencies of conventional atomic force microscopy
cantilevers are incommensurate, higher harmonics
nfi�n�1� excited by force pulses exerted close to the turning
point Zc do not significantly couple to different resonances as
long as they remain sharp, as under ultrahigh-vacuum �UHV�
conditions. Furthermore, if Aiki�max�F�, �f i / f i�1, and so
are the n�1 Fourier coefficients of Z�t�, viz.,7

Zn � − Ai
1

n2 − 1

�f i

f i
. �3�

If Ai�Zc, the main contribution to the integrals in Eqs. �1�
and �2� comes from the vicinity of Zc, i.e., u=cos ��−1
�Ref. 26� so that

k0�Z0 � Aiki
�f i

f i
. �4�

In the opposite limit Ai��, higher harmonics are clearly
negligible and Eq. �2� yields

ki
�f i

f i
= −

F��Zc�
2

, �5�

which is valid when F�=dF /dZ�ki, whereas Eq. �2� pre-
dicts k0�Z0=F�Zc�. For intermediate values of the amplitude,
the difference between Eqs. �1� and �2� comes from the extra
cos �=u on the right-hand side �rhs� of Eq. �2� so that the
time-averaged deflection decays slower with increasing dis-
tance than the force gradient but faster than the frequency
shift. The time-averaged deflection should also be site depen-
dent, in analogy to quasistatic near-contact atomically re-
solved imaging using an overall attractive force.27

For comparison with measurements �Z0 must be deter-
mined as a function of the controlled distance Z0�; thus Eq.
�1� should be self-consistently solved by substituting Z0
=Z0�+�Z0 in the integral on the rhs. Because the time-
averaged deflection is small in practice, it is sufficient to
expand the argument of F to first order in �Z0. Shifting the
resulting correction to the left-hand side �lhs�, one obtains

�k0 −
1

�
�

0

�

F��Z0� + Ai cos ��d�	�Z0

=
1

�
�

0

�

F�Z0� + Ai cos ��d� . �6�

In the limit Ai��, this reduces to the simple result
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FIG. 1. �Color online� �a� Schematic drawing of a cantilever
oscillating above the sample surface in the attractive range. 
�b�–
�d�� Calculated two-dimensional maps of �b� the interaction force,
�c� the frequency shift, and �d� the time-averaged deflection. As-
sumed parameters: f1st=150 kHz, A1st=1 nm, k0=k1st=30 N /m,
Rtip=5 nm, and �=79 pm.
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k0 − F��Z0����Z0 = F�Z0�� , �7�

which anticipates a jump to contact of the cantilever if the
bracketed expression on the lhs would vanish. Under typical
noncontact DFM conditions F��Z��0 is always much
smaller than k0 and so is the correction in question for arbi-
trary Ai.

In order to theoretically study the dependence of the time-
averaged deflection on measurement parameters, a simple
model was used to represent the tip-sample interaction. Two
atoms were positioned within a distance a=600 pm on a flat
surface as shown in Fig. 1�a�. The short-range interactions
between the tip apex and those closest surface atoms were
described by pairwise Morse-type forces as Fsr
=2Esr /��exp
−2�r−	� /��−exp
−�r−	� /��, where Esr is the
binding energy, � the characteristic range, and 	 the location
of the potential minimum along the apex-atom axis. The pa-
rameters �Esr=2.27 eV, �=79 pm, and 	=235.1 pm� were
taken from a fit to the first ab initio calculation between a Si
cluster with a protruding apex atom able to form a single
bond with a Si adatom on the Si�111� surface.28 Because a
−	�4�, ignoring more distant atoms than the two closest
ones is a reasonable approximation if their two contributions
are periodically repeated in adjacent unit cells. The back-
ground long-range van der Waals interaction was described
as UvdW=−AHRtip / �Z+Zoff�, with AH being the Hamaker con-
stant ��1 eV� for Si,29 Rtip the assumed tip radius �5 nm�,
and Zoff its zero offset30 with respect to the short-range inter-
action �500 pm�. Figures 1�b�–1�d� show computed two-
dimensional contours of the interaction force, the frequency
shift, and the time-averaged deflection calculated using Eqs.
�1� and �2�, assuming excitation of the first flexural mode, as
in conventional DFS. For A1st=1 nm, the time-averaged de-
flection has a distance dependence similar to the frequency
shift. For instance, the computed tip trace close to the surface
at constant ��f1st=−1800 Hz� shows a topographic corruga-
tion of 56.7 pm along A-A�.31 The corresponding variation in
the time-averaged deflection �0.4 pm� is negligibly small. In
the case of a smaller amplitude of 0.3 nm �not shown�, the
variation in time-averaged deflection along A-A� is some-
what larger �1.5 pm� but still quite small compared to the
same topographic corrugation of 56.7 pm which was then
obtained for �f1st=−5585 Hz.31 The relative variation in the
time-averaged deflection at larger Zc �less negative �f1st� is
even smaller. Thus, if the surface topography is mapped in
the constant frequency shift mode, the time-averaged deflec-
tion can be regarded as constant even for small amplitude
operation. This appears consistent with Eq. �4�: an oscillation
amplitude as small as 0.3 nm is still large compared to the
decay length � of the short-range interaction.

A more interesting behavior is obtained in the “constant
height” �Zc�=const� mode, which presumably allows one to
avoid crosstalk between a quantity simultaneously measured
with the quantity employed for distance control by using a
feedback with a slow response time �low proportional to in-
tegral gain ratio�. For instance, if the initial tip height was set
equal to Zc=300 pm above the A site, the calculated time-
averaged deflection was 25 pm. In a subsequent scan along
A-A� with Zc�=325 pm, the time-averaged deflection, hence

Zc, was modulated by 6.1 pm while the frequency shift was
modulated by 51 Hz. The Zc modulation causes a deviation
from the desired constant height and artificially enhances the
contrast of the frequency shift. For this reason the mode in
question has more appropriately been called “variable deflec-
tion,” particularly in the context of noncontact measurements
relying on long-range electrostatic or magnetic
interactions.32

Thus, “constant” height measurements are more affected
by variations in the time-averaged deflection than constant
frequency shift measurements. Operation with a large ampli-
tude can reduce this artifact but the force detection sensitiv-
ity will then also be reduced. The increase in the time-
averaged deflection for decreasing Zc� leads to systematic
deviations in force spectroscopy measurements. As can been
seen in Fig. 1�d�, the magnitude of the maximum time-
averaged deflection was approximately 29.8 pm
� /3. This
would cause a noticeable shift if Zc� rather than the correct
distance Zc scale were used in the force extraction.7 There-
fore, the detection of the time-averaged deflection and the
distance correction are important to improve the accuracy of
DFS, especially if small amplitudes are used.

III. EXPERIMENTS

Static and dynamic force measurements were performed
with our homemade UHV atomic force microscope, operat-
ing at RT.33 The KBr�001� sample was obtained by cleaving
a crystal in UHV, then annealing it to remove residual
charges. A commercially available Si cantilever �Nanosen-
sors PPP-NCL� was used as the force sensor. The integrated
tip was cleaned by Ar+ sputtering after annealing at 120 °C.
The effective stiffness of the first mode k1st was calibrated
using the measured length and width of the cantilever and
first resonance frequency f1st=167 968 Hz. The effective
stiffness of the second mode k2nd was then obtained from the
relation k2nd /k1st=�f1st /�f2nd· f2nd / f1st=43.7 obtained using
simultaneous excitation of the first and second resonance
modes with equal amplitudes �A1st=A2nd=10 nm�.34 This
procedure ensures that the offset of the tip from the cantile-
ver end is taken into account. The time-averaged deflection
was detected via the low-pass filtered optical deflection sig-
nal. The vertical deflection sensitivity was calibrated using
an independent static indentation of the sample into the range
where the deflection becomes dominated by the cantilever
stiffness so that the signal varies linearly with the static piezo
displacement. In this process, the tip was presumably termi-
nated by a KBr cluster upon retraction.35 For the DFM and
DFS measurements, the interactions are detected with the
second mode alone and each oscillation amplitude was preset
using an automatic gain controller.2 The shifted resonance
frequency of the second mode was demodulated with a
phase-locked loop �PLL� circuit �Nanonis Dual-OC4� which
also generated the excitation signal.36,37 The results were
analyzed using the WSxM software.38

Figure 2�a� shows a series of frequency shift vs distance
curves obtained with 11 different amplitudes from 12.8 to
0.51 nm. As discussed below in connection with Fig. 3�a�,
the origin of each curve was adjusted so that all converted
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force curves match at one position. The DFS measurements
were performed above the maximum marked in the image
shown in the inset, keeping the sample properly positioned
by means of an atom-tracking software �Nanonis SPMCS-
AT4�. In such measurements, a phase error ��err due to the
finite response time of the PLL demodulator causes a spuri-
ous deviation 
�−f i /2Qi tan���err /2�� in �f i.

39 With a small
amplitude, a relatively large frequency shift is caused at short
distances, as implied by Eq. �2�. A wide bandwidth of the
PLL demodulator must be therefore be set to follow the large
frequency change; this implies in turn a noisy output signal.
At RT, setting a slow sweep of the sample Z scanner to

reduce this noise is undesirable because of unavoidable ther-
mal drifts. Using the second resonance mode is more appro-
priate because its high stiffness reduces the frequency shift
by a factor �f2nd / f1st ·k1st /k2nd�6. A small maximum phase
error of 2.3° was observed in the measurement with A2nd
=0.51 nm at Zc�=0.255 nm ��f2nd=−441 Hz� and the cor-
responding error in �f2nd was negligibly small �0.87 Hz�.

As Eq. �1� implies, the usage of a particular resonance
mode does not affect the determination of the time-averaged
deflection. Short- and long-range distance-dependent contri-
butions were separately measured using sweeps of 1.0 and
32.4 nm in steps of 3.9 and 31 pm above the same site,
respectively. The contact potential difference40 was not com-
pensated but the sweep of 32.4 nm was long enough to de-
fine a reliable zero force point. In order to further reduce the
noise at short distances, a smoother short-range curve was
generated by averaging over 20 successive approach-return
cycles.

Figure 2�b� shows the resulting time-averaged deflection
curves simultaneously recorded with the frequency shifts
shown in Fig. 2�a�. To clearly reveal the small time-averaged
deflection, the curves were also smoothed a posteriori. As
expected, the cantilever was statically bent toward to the
surface in the attractive regime covered here. In the measure-
ment with a large amplitude of 12.8 nm, the maximum time-
averaged deflection was tiny ��4 pm� but increased to 20
pm at the smallest amplitude of 0.51 nm. Some of those
curves show minima and their position �Zc��0.2 nm� move
closer to the surface with increasing amplitude, just like for
the frequency shifts. This is consistent with Eqs. �1� and �2�.
Finally, Fig. 2�c� shows the time-averaged deflection curves
estimated from the measured frequency shift using Eq. �4�.
For large amplitudes, the calculated deflections almost coin-
cide with the measured ones but deviate for smaller ampli-
tude. This is consistent with the requirement Ai�Zc for the
validity of Eq. �4�.

IV. CORRECT FORCE VS DISTANCE AND DISCUSSION

To our knowledge, force extractions have up to now been
performed from measured frequency shifts as a function of
Zc�. As mentioned in Sec. II, in order to obtain the correct
dependence of the interaction force on the tip-sample dis-
tance, Zc should actually be used for force extraction instead
of Zc=Zc�+�Z0. Figure 3 shows F�Zc� curves extracted using
Sader and Jarvis’s algorithm41 from the measured �f2nd
curves shown in Fig. 2�a�. Although a large range of ampli-
tudes from 12.8 to 0.51 nm were used, all force curves es-
sentially coincide, like in similar measurements on Si�111�
−77.13 In particular, a high reproducibility is obtained in
the range Zc�0.4 nm. Around −1.0 nN, a wiggle is ob-
served in almost all curves. As suggested by atomistic
simulations15,35,42,43 assuming sharp model tips, this non-
monotonic behavior can rise at the site in question because
short-range attraction between the closest tip and sample
ions with opposite charges turns into repulsion with decreas-
ing distance while the total force remains attractive. KBr
being a soft material, it is not surprising that such displace-
ments can arise. Unfortunately such displacements are not
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FIG. 2. �Color online� �a� A series of frequency shift curves vs
nominal distance measured using 11 different amplitudes of the
second flexural mode on a KBr�001� surface. The inset image was
obtained with �f2nd=−3.6 Hz and A2nd=12.8 nm. �b� Simulta-
neously recorded time-averaged deflection curves. Cantilever pa-
rameters; f2nd=1 039 369 Hz, k0=33 N /m, k2nd=1442 N /m, and
Q2nd=11 727. �c� Time-averaged deflection curves estimated from
the measured frequency shift using Eq. �4�.
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FIG. 3. �Color online� Essentially unique conservative interac-
tion force extracted from frequency shifts measured with 11 differ-
ent amplitudes plotted against the corrected tip-sample distance Zc.
The colors, one for each amplitude, are the same as in Fig. 2�a�. The
Zc scale is adjusted so that all curves match at Zc=0.44 nm and that
F�0 at Zc=0.
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measurable and only the nominal tip-sample distance cor-
rected for the time-averaged deflection can be determined
from experiments. Keeping in mind the likelihood of appre-
ciable displacements at short distances, it is quite remarkable
that the extracted force appears to be unique all the way to
the point F=0 where attraction and repulsion balance.

As expected from Eqs. �1� and �2�, the difference between
the distance dependencies apparent in Figs. 2�b� and 2�c�
becomes appreciable if Z0 and the peak-to-peak amplitude
2Ai become comparable to the full width at half minimum of
the attractive force well. Note that on the high Z side, this
width is mainly determined by the long-range force.

Attempts to use amplitudes below 0.51 nm at short closest
approach distances led to significant deviations and to steep
changes in the recorded averaged frequency shifts and ex-
tracted forces. This phenomenon, which depends on the par-
ticular tip used, is under investigation.

A force sensitivity as a function of amplitude was evalu-
ated as follows. Each single long-range force measurement

Fig. 4�a�� was fitted using the Hamaker expression for a
spherical cap against a flat surface.29 The remaining root-
mean-square deviations Frms are shown in Fig. 4�b�: Frms
decreases essentially linearly with the amplitude and reaches
14 pN for the smallest one �0.51 nm�. Hence, small ampli-
tude operation is experimentally confirmed to be effective
not only for imaging44 but also for force spectroscopy.

In order to highlight the influence of the time-averaged
deflection in force spectroscopy, the force was extracted with
and without taking the time-averaged deflection into account
for the smallest amplitude of 0.51 nm. As shown in Fig. 5�a�,
a shift of the curve toward smaller Z due to the time-
averaged deflection can be clearly identified in the vicinity of
the attractive minimum. A small vertical shift of �13 pN in
the corrected force curve is also observed 
arrow in Fig.
5�b��. One may view these deviations as negligible but a
systematic deviation could arise after subtracting a long-
range force fit in order to obtain the short-range
contribution29 because the time-averaged deflection can be-
come significant at close approach. Atomistic

simulations35,42,43 have shown that shifts of the distance be-
tween the closest atoms or ions can be much larger than the
maximum time-average deflection detected in our experi-
ments. The underlining ionic displacements are stronger near
the tip apex. However, these phenomena arise in addition to
the time-averaged deflection and it is not possible to empiri-
cally determine such displacements because the local stiff-
nesses of individual atoms and even the tip apex are not
known. Although not measurable, such displacements can
cause telltale distortions of the extracted short-range interac-
tion force like the wiggle apparent in Fig. 3�a�. At large
distances, force extraction of the long-range interaction using
Zc� is sufficient.

The time-averaged force can be obtained from the mea-
sured time-averaged deflection Fexp=k0�Z0 and compared to
Fcal calculated from the extracted interaction force using Eq.
�1�. However, the sensitivity of the time-averaged deflection
is so low that the results have to be smoothed. The two
curves show a similar Zc dependence with a deviation of
around 20% at Zc=0.20 nm. In this comparison, the calibra-
tion error of the stiffness k0 has no effect because both force
values depend linearly on k1st, respectively, and because
k1st /k0 is constant for a given cantilever.24,25 The amplitude
calibration is probably not the main cause of the deviation
because amplitudes were precisely calibrated by the “con-
stant � method.”45 Furthermore, the best force fit curves
shown in Fig. 3 was obtained by recalibrating each ampli-
tude using 5% steps. The observed deviations are most likely
due to the calibration of the time-averaged deflection sensi-
tivity.
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V. CONCLUSIONS

In this study, we theoretically and experimentally ana-
lyzed the time-averaged cantilever deflection in dynamic
force spectroscopy with a Si cantilever on a KBr�001�
sample. Narrow band self-excitation and FM detection of the
shifted second flexural resonance enabled accurate measure-
ments using several tip oscillation amplitudes down to 0.51
nm. The magnitude of the time-averaged deflection increases
with decreasing amplitude. Because the smallest peak-to-
peak oscillation amplitude was still larger than the full width
at half minimum of the attractive force well, the maximum
measured deflection is still smaller than the static deflection
of the cantilever at the same distance of closest approach.
Essentially coincident interaction force curves were extracted
from the frequency shifts measured with various amplitudes
as a function of the corrected tip-sample distance. They all

exhibit a wiggle attributed to displacements of strongly in-
teracting atoms at close approach seen in atomistic simula-
tions. The correction due to the time-averaged deflection
causes small but measurable deviations not only in the tip-
sample distance but also in the strength of the extracted in-
teraction force. The time-averaged deflection calculated from
the converted interaction force coincides with its direct mea-
surement within 20%, which is reasonable in view of the
small signal and plausible calibration errors.
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